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Abstract

This paper presents results obtained from a numerical simulation of a two-dimensional (2-D) incompressible linear

shear flow over a square cylinder. Numerical simulations are performed, using the lattice Boltzmann method, in the

ranges of 50pRep200 and 0pKp0.5, where Re and K are the Reynolds number and the shear rate, respectively. The

effect of the shear rate on the frequency of vortex shedding from the cylinder, and the lift and drag forces exerted on the

cylinder are quantified together with the flow patterns around the cylinder. The present results show that vortex

structure behind the cylinder is strongly dependant on both the shear rate and Reynolds number. When Re ¼ 50, a

small K can disturb the steady state and cause an alternative vortex shedding with uneven intensity. In contrast, a large

value of K will suppress the vortex shedding from the cylinder. When Re450, the differences in the strength and size of

vortices shed from the upper and lower sides of the cylinder become more pronounced as K increases. Vortex shedding

disappears when K is larger than a critical value, which depends on Re. The flow patterns around the cylinder for

different Re tend towards self-similarity with increasing K. The lift and drag forces exerted on the cylinder, in general,

decrease with increasing K. Unlike a shear flow past a circular cylinder, the vortex shedding frequency past a square

cylinder decreases with increasing the shear rate. A significant reduction of the drag force occurs in the range

0.15oKo0.3.

r 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

The study of uniform flow past a cylindrical obstacle has fascinated researchers for a long time, and detailed

information is available in the literature. However, many practical cases exist where the flow approaching a body is

sheared rather than uniform. For example, cylindrical structures submerged in wind, tides or currents are always

exposed to a nonuniform free stream. When the oncoming free stream is a linear flow, a constant vorticity is embedded

in the free stream. This may lead to a complicated interaction with the boundary layers that separate from the body

which results in a different type of vortex shedding structure. Vortex shedding has often been the cause of flow-induced

structure failure. It is important to know the effects of the approaching shear flow on the mechanism of vortex
e front matter r 2006 Elsevier Ltd. All rights reserved.
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shedding. Such a study would lead to better understanding of the vortex-induced vibration, its subsequent suppression

and control (Zhou et al., 2005).

Although a large number of studies with a uniform flow stream exist, there has been relatively little work carried

out to investigate the shear flow problem. Only a few experimental and numerical studies on shear flow past a

circular cylinder have been conducted in the past. Kiya et al. (1980) experimentally investigated vortex shedding

frequency of a circular cylinder in a linear shear flow and the flow patterns around the cylinder. The Reynolds number

(defined in terms of the cylinder diameter and the approaching velocity at its centre) ranged from 35 to 1500. The

shear parameter K (the transverse velocity gradient of the shear flow nondimensionalized by the cylinder diameter and

the approaching velocity at its centre) was varied from 0 to 0.25. They found that the critical Reynolds number for the

onset of vortex shedding from the cylinder is higher for shear flow than that for a uniform stream. The critical Reynolds

number also increases approximately linearly with increasing shear parameter when the latter was larger than about

0.06. For cases where the Reynolds number is in the range of 43–220, the vortex shedding disappears for sufficiently

large shear parameters. Kiya et al. (1980) also examined the Strouhal number (i.e. dimensionless group combining

obstacle length scale, imposed flow field velocity and the frequency of vortex shedding). It was found that in the range

of 100oReo1000, the Strouhal number increases as the shear parameter is larger than 0.1. In the same range of shear

parameter as that studied by Kiya et al. (1980), Kwon et al. (1992) used an image processing visualization to investigate

linear shear flow past a circular cylinder at higher Reynolds numbers (600pRep1600). They verified that the Strouhal

number increases rapidly with Reynolds number at small values of Re. However, in the range of 400pRep700, the

Strouhal number reaches a nearly constant value of approximately 0.22. In general, the Strouhal number increases as

the shear parameter increases. The scatter in data was appreciably smaller in their experiments than in that of Kiya et al.

(1980). The drag coefficient tends to decrease with either increasing Re or increasing shear parameter.

Following the Kwon et al. work, an expanded experimental work was carried out by Sung et al. (1995) using laser-

Doppler velocity measurements to describe the wake characteristics of the linear shear flow past a rotating cylinder. The

Reynolds number and the shear parameter realized in their experiment were in the ranges of 600pRep1200, 0pKp0.15.

The ratio of the peripheral linear speed of the cylinder to the centreline free-stream speed varied from �2 to 2. The power

spectra of velocity measurements at downstream locations were analysed to determine the vortex shedding patterns. It was

found that the dominant shedding frequency is shifted towards a higher value as the rotation velocity and K increase. When

the cylinder rotation velocity increases beyond a certain threshold value, the dominant frequency becomes less distinct.

A numerical investigation on a linear shear flow past a circular cylinder was carried out by Jordan and Fromm

(1972), for K ¼ 0.05 and Re ¼ 400. Due to the very small value for K, Jordan and Fromm (1972) found that at this

small value of K ¼ 0.05, the Strouhal number of vortex shedding in this weak shear flow is the same in magnitude as the

corresponding uniform flow Strouhal number (St ¼ 0.2). Ayukawa et al. (1993) performed numerical simulation of a

shear flow past a square cylinder for a high Reynolds number of 4000. They used a discrete vortex model to study the

effects of the shear rate on the Strouhal number and the force acting on the cylinder for Kp0.15. Their results showed

that, within the extent of their simulation, the shear rate effects are fairly small on the vortex shedding frequency, while

the flow pattern is affected strongly by the shear rate.

However, the common points of interest of these investigations are how the Strouhal number varies with the shear

parameter and Reynolds number. The vortex shedding mechanism and flow structure in a shear flow are still not fully

understood. Recently, Cheng et al. (2005) used a lattice Boltzmann method to investigate a low Reynolds number linear

shear flow past a square cylinder. Their results show that the vortex structure behind the cylinder is strongly shear-rate

dependent. However, the study was limited to a single Reynolds number. It is well known that the vortex shedding

phenomenon can be dramatically altered for uniform flows past a bluff body at different Reynolds numbers. Naturally,

the vortex structure behind the cylinder in shear flow may also be Reynolds-number dependent.

In this paper, a linear shear flow past a square cylinder (Fig. 1) is studied systematically over a range of shear rates at

different Reynolds numbers by making use of an efficient numerical scheme. This work has been motivated by the need

to better understand the effect of shear flow on the vortex structure behind a square cylinder. A practical situation when

the vortex structure play an important role is in the interaction between fluid flow and a cylindrical prism in the

atmospheric boundary layer. The shear parameter K is defined as K ¼ ~G ~a= ~Uc, where ~G is the dimensional velocity

gradient, ~a is the side length of the cylinder and ~Uc is the velocity on the symmetry axis of the cylinder far upstream. The

Reynolds number is based on ~a and ~Uc, respectively.

The lattice Boltzmann method, which was previously developed and applied to the simulation of a large-gradient flow

(Cheng and Hung, 2004, 2006; Cheng et al., 2005), is also used for the present numerical simulation. This study will

shed light on the development of a periodic pattern of vortex shedding associated with the Kármán vortex street behind

the cylinder at different K and Re. Some other important aspects, such as the relation between the Strouhal number and

the shear parameter K, the pressure distributions around the cylinder, as well as the forces acting on it at different shear

parameters, will also been investigated by the numerical simulations.
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Fig. 1. Schematic of the flow configuration, coordinate system.
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2. Numerical method

The lattice Boltzmann method (LBM) is an alternative to conventional computational fluid dynamics methods for

solving Navier–Stokes equations (Higuera and Jimenez, 1989; Higuera et al., 1989; Benzi et al., 1992; Chen and Doolen,

1998). It is based on microscopic models and a mesoscopic kinetic equation for the particle distribution function.

Unlike traditional numerical methods which solve the macroscopic variables such as velocity and density directly, these

variables are obtained in LBM by moment integrations of the particle distribution function. Therefore, the LBM has

several computational advantages, i.e., higher precision, simplicity of programming, intrinsic parallelism of the

algorithm and data structure. Additionally, traditional CFD solvers typically require a velocity–pressure correction step

(for mass conservation) involving the global solution of the Poisson equation. For LBM, there is no requirement to

solve this Poisson equation, and the pressure is a local variable (Rossi et al., 2005).
2.1. Lattice Boltzmann equation

The Boltzmann equation with the Bhatnagar–Gross–Krook (BGK) approximation for the particle collision operator

(Bhatnagar et al., 1954) is based on the premise that a particle distribution will relax to a final state given by the

Maxwell–Boltzmann equilibrium distribution at a rate inversely proportional to the relaxation time, ~t. The BGK

Boltzmann equation is

@ ~f

@~t
þ ~c � r ~f ¼ �

~f � ~f
eq

~t
, (1)

where ~f is the single-particle velocity distribution function, ~t is the time, ~c is the microscopic velocity, and ~f
eq

is the

equilibrium distribution function (external forces have been neglected). Macroscopic fluid variables, such as the density

ð ~rÞ and velocity ð~uÞ, can be calculated by the integration of the distribution function ~f ,

~r ¼

Z
~f ð~r; ~c; ~tÞd~c, (2)

~r~u ¼

Z
~c ~f ð~r; ~c; ~tÞd~c. (3)

When the physical space is divided into a regular lattice and the velocity space is defined by a set of finite, discrete

velocities f~cag, the lattice version of Eq. (1) can be written as

@ ~f a

@~t
þ ~ca � r ~f a ¼ �

~f a �
~f
eq

a

~t
, (4)
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where ~f a and ~f
eq

a are the single-particle velocity distribution function and the equilibrium distribution along the a
direction, respectively.

Eq. (4) is nondimensionalized by the cylinder side length ð ~aÞ, the reference speed ð ~UcÞ, density ð ~r0Þ, and the time

between particle collisions ð~tcÞ,

qf a

qt
þ ca � rf a ¼ �

f a � f eqa
�t

. (5)

Nondimensional variables are defined according to

ca ¼
~ca
~Uc

; r ¼ ~a ~r; f a ¼
~f a

~r0
; t ¼

~t ~Uc

~a
; t ¼

~t
~tc

; r ¼
~r

~a
; � ¼

~tc
~Uc

~a
, (6)

where the dimensional variables are denoted with a tilde. The variable e may be interpreted as either the ratio of

collision time to flow time or as the ratio of mean free path to the characteristic length (i.e. Knudsen number).

Eq. (5) is discretized in time and space as follows:

f aðr; t þ DtÞ � f aðr; tÞ

Dt
þ

f aðr þ Dx; t þ DtÞ � f aðr; t þ DtÞ

Dx
cax þ

f aðr þ Dy; t þ DtÞ � f aðr; t þ DtÞ

Dy
cay

¼ �
f aðr; tÞ � f eqa ðr; tÞ

t�
. ð7Þ

Choosing ca ¼ Dr=Dt and ~tc ¼ D~t, we obtain

f aðr þ caDt; t þ DtÞ ¼ f aðr; tÞ �
f aðr; tÞ � f eqa ðr; tÞ

t
. (8)

Eq. (8) governs the evolution of microscopic mass, and is commonly referred to as the LBM.

The present study examines two-dimensional (2D) flow, and a 2D square lattice with nine velocities (D2Q9 model) is

used. These nine velocities are

ca ¼ cea ¼

ð0; 0Þ a ¼ 0;

c cos
a� 1

2
p

� �
sin

a� 1

2
p

� �� �
a ¼ 1; 2; 3; 4;

ffiffiffi
2

p
c cos

a� 5

2
pþ

p
4

� �
; sin

a� 5

2
pþ

p
4

� �� �
a ¼ 5; 6; 7; 8;

2
666664

(9)

where c ¼ Dx/Dt, Dx being the lattice constant. The equilibrium distribution function for this model is

f eqa ¼ rwa 1þ
3

c2
ca � u þ

9

2c4
ðca � uÞ2 �

3

2c2
u � u

� �
a ¼ 0; 1; 2 ; . . . ; 8, (10)

where w0 ¼ 4/9, w1 ¼ w2 ¼ w3 ¼ w4 ¼ 1/9, and w5 ¼ w6 ¼ w7 ¼ w8 ¼ 1/36. The pressure (p) is determined by the

isothermal equation of state,

p ¼ rc2s , (11)

where cs is the nondimensional lattice sound speed, and is equal to 1=
ffiffiffi
3

p
in this model (Wolf-Gladrow, 2000). In the

discretized velocity space, the macroscopic quantities, r and u, are calculated from

r ¼
X8
a¼0

f a and ru ¼
X8
a¼0

f aca. (12)

2.2. The macroscopic equations

Using the Chapman–Enskog expansion (Chapman and Cowling, 1970), one can obtain following equations from

Eq. (8):

qr
qt

þ r � ðruÞ ¼ 0 (13)



ARTICLE IN PRESS
M. Cheng et al. / Journal of Fluids and Structures 23 (2007) 207–226 211
and

r
qu

qt
þ ðu � rÞu

� �
¼ �rp þ r �P, (14)

where

P ¼ w
r
3

quj

qxi

þ
qui

qxj

� ��
�
qruiujuk

qxk

�
; i; j; k ¼ 1; 2, (15)

w ¼ t�
1

2

� �
Dt. (16)

For incompressible flow, uj j=cs51, if the term qruiujuk

�
qxk

� 
is ignored, Eq. (14) turns out to have exactly the same

form as the incompressible Navier–Stokes equations. The corresponding kinematic viscosity (n) in the Navier–Stokes

equations derived from Eq. (8) is

n ¼
2t� 1

6

� �
Dt. (17)

2.3. Numerical implementation

The LBM belongs to a class of the pseudo-compressible solvers of the Navier–Stokes equations for incompressible

flow. In order to correctly simulate the incompressible flow in practice, one must ensure that the Mach number,

M ¼ ~Uc=~cs51. Since ~cs is a constant in the LBM, the restriction on M requires that the velocity ~Uc be sufficiently

small. In order to maintain the Mach number and Knudsen number in the suitable ranges (M51 and Kno0.01) it is

necessary to limit the velocity ~Uc to between 0.01 and 0.04. As the viscosity of the fluid is specified to be n ¼ 0:01, the
Reynolds number range for the present study is 50–200.

In standard LBM, the algorithm is constructed on a special class of uniform and regular lattices. Eq. (8) can be solved

in two steps, i.e., a collision step, followed by a streaming step. The collision step is locally defined because the

equilibrium distribution depends only on the local values of mass and momentum density. The streaming step is

uniform and requires little computational effort when the computational mesh coincides with the lattice. However, the

use of a uniform lattice as a computational mesh is quite restrictive in many applications; for instance, where a large

gradient exists only in a small region of the computational domain.

In order to improve the computational efficiency, LBM was extended to nonuniform grids (Nannelli and Succi, 1992;

Cheng and Hung, 2004), and the computational mesh is decoupled from the lattice. In the approach of Cheng and

Hung (2004), a particle initially located at the grid point A(x, y), will stream to the position A0(x+caxDt, y+cayDt) after

one time step, Dt, along the a direction. For a lattice mesh, A0 is at the grid point. However, A0 is usually not at the mesh

point when the mesh is decoupled from the lattice. However, in the numerical simulation, one is only interested in the

distribution function at the mesh point. In the modified LBM used here, the following Lagrange interpolation is

adopted to get the distribution function at the nonuniform mesh point at time t+Dt. Therefore, Eq. (8) can be solved on

the nonuniform mesh in the following three steps:

collision step:

f 
aðr; tÞ ¼ f aðr; tÞ �

f aðr; tÞ � f eqa ðr; tÞ

t
, (18)

streaming step:

f 
a ðr þ caDt; t þ DtÞ ¼ f 

aðr; tÞ, (19)

interpolation step:

f aðr; t þ DtÞ ¼
X3
m¼1

X3
n¼1

Y3
p¼1
pam

x � xp

xm � xp

Y3
q¼1
qan

y � yq

yn � yq

f 
a . (20)

The above scheme had earlier been used for the simulations of a square cavity flow and flow past a circular cylinder.

The results showed that when the maximum mesh size to lattice size ratio d is limited below 5, a satisfactory accuracy

can be achieved in the flow simulation. The details of errors, convergence and mesh effect on the result were discussed

by Cheng and Hung (2004) and He et al. (1996).
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Table 1

Comparison of lift and drag coefficients and Strouhal number at K ¼ 0

Re ¼ 100 Re ¼ 200

St C̄D C̄Lrms St C̄D C̄Lrms

Okajima (1982) 0.135�0.140 — — 0.14�0.148 1.45 —

Jan and Sheu (2004) 0.140 — — 0.148 — —

Davis and Moore (1982) 0.154 1.64 — — — —

Sohankar et al. (1998) 0.146 1.47 0.156 0.15 1.462 0.377

Present 0.144 1.44 0.152 0.15 1.45 0.372

M. Cheng et al. / Journal of Fluids and Structures 23 (2007) 207–226212
In the present study, the total computation domain is a rectangle of size ð ~Xu þ ~a þ ~XdÞð2 ~Yh þ ~aÞ, as shown in Fig. 1.
The flow-field considered here is surrounded by an inflow boundary at the left, a free outflow boundary at the right, and

the upper and lower free-slip boundaries. The inflow boundary condition is

f a ¼ f eqa
��
~u¼ ~U

. (21)

At the outflow boundary, owing to the extremely large domain behind the cylinder, no influence is expected for the

results, and a fixed pressure is imposed in terms of the equilibrium distribution function at the outlet. For this task, the

velocity components are extrapolated downstream (Succi, 2001; Ansumali et al., 2004). A no-slip condition is applied at

the surface of the cylinder. This is implemented in LBM via a ‘bounce-back’ rule, in which all particles hitting a wall are

reflected back in the direction from which they came (Ziegler, 1993). Although this rule has errors in velocity at the wall

(Noble et al., 1995; Inamuro et al., 1995), it does provide reasonably accurate flow solutions for a range of discretization

parameters. When to2, the second-order accuracy for the non-slip condition can be achieved if the wall is placed in the

middle of the lattice nodes (Ladd, 1994). In the present paper, t ¼ 0.53 and the wall is placed in the middle of the lattice

nodes, so the influence of the slip velocity on the results can be ignored (Gallivan et al., 1997; He et al., 1997).

In this paper, ~Xu ¼ 12 ~a, ~Xd ¼ 30 ~a, ~Yh ¼ 12 ~a and the nonuniform mesh d ¼ 4 and I� J ¼ 1000� 600 (where I and J

are the number of points in the x and y direction, respectively) are adopted. The choice of the mesh structure has been

discussed and justified in our previous work (Cheng et al., 2005). A comparison between the results reported by other

investigators and the present computation on the nonuniform mesh at K ¼ 0 is given in Table 1, which shows generally

close agreement.

The Strouhal number, pressure (CP), lift (CL) and drag (CD) coefficients are defined as

St ¼
~f ~a
~Uc

, (22)

CP ¼
2 ~p � ~p0

~r0 ~U
2

c

, (23)

CL ¼
2 ~FL

~r0 ~U
2

c ~a
, (24)

CD ¼
2 ~FD

~r0 ~U
2

c ~a
, (25)

where ~f , ~p, ~FL and ~FD are the period of vortex shedding, the pressure, the lift, and the drag exerted by the fluid on a unit

length of the cylinder, respectively. The reference pressure is ~p0.
3. Results and discussion

The detailed calculations of the shear flow past a square cylinder are carried out at Reynolds number Re ¼ 50, 100

and 200. The shear rate K varies from 0 to 0.5.
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3.1. Flow features

The effects of shear rate on the structure of the wake flow behind the cylinder are described in Figs. 2–4 for different

Reynolds numbers. Fig. 2 shows the patterns of instantaneous streaklines for Re ¼ 50. When K ¼ 0 (Fig. 2(a)), the flow

pattern is symmetric with respect to the oncoming flow and there is a closed recirculation zone behind the cylinder. This

zone is made up of two symmetrical vortices that rotate in opposite directions. Owing to the sharp corners, the

separation point is fixed at the trailing edge and the flow is attached at the side walls. There is no vortex shedding in the

wake.

When K40, the shear gradient in the boundary layer on the surface of the cylinder becomes asymmetrical at the start

of the motion since the relative velocities of the fluid with respect to the wall are, respectively, 1+K/2 and 1�K/2 on the

upper and lower sides of the cylinder. The flow separation induces asymmetrical vortices. Initial creation of vortices

occurs on the upper side of the cylinder before the lower side. The first vortex is always shed from the side with higher

relative velocity, indicating that the preferred side of cylinder with the first vortex shedding is controlled by the sign of

K. Another difference between the K ¼ 0 and K40 cases is the complex vortex structure that occurs in the wake. This

structure is a result of the interaction between the constant vorticity embedded in the free stream and the boundary

layers at the cylinder wall.

For K ¼ 0.1 (Fig. 2(b)), a Kármán vortex street appears behind the cylinder, indicating that even a small value of K

could change a stable flow to an unstable flow when ReoRecrit (Recrit is a critical Reynolds number, the Kármán vortex

street with periodic vortex shedding from the cylinder can be detected in the wake when Re4Recrit). As K increases to

0.2, the pattern of streaklines is found to be similar as to those for the case when K ¼ 0.1.

When KX0.3 (Fig. 2(c) and (d)), an important change in the flow is observed. The vortex street observed at Kp0.2

disappears. The separation point on the low side of the cylinder starts at the leading edge. There is a closed recirculation

zone which is made up of two opposing asymmetrical vortices attached to the cylinder. The clockwise vortex is larger

than that of anticlockwise vortex. The flow pattern is again stable. The present results indicate that for low Reynolds

numbers (ReoRecrit) flow around a square cylinder, with a small value of K, vortex shedding may be induced. On the

other hand, with a large value for K, the vortex shedding is suppressed.

Patterns of instantaneous streaklines for Re ¼ 100 at different values of K is shown in Fig. 3. When K ¼ 0, the flow

behind the cylinder is characterized by a Kármán vortex street, which consists of vortices in a regular alternating

arrangement. The distance between consecutive vortices remains almost constant. When K ¼ 0.1, periodic vortex
Fig. 2. Patterns of instantaneous streaklines for Re ¼ 50 at different K: (a) K ¼ 0, (b) K ¼ 0.1, (c) K ¼ 0.3, and (d) K ¼ 0.5.
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Fig. 3. Patterns of instantaneous streaklines for Re ¼ 100 at different K: (a) K ¼ 0, (b) K ¼ 0.1, (c) K ¼ 0.2, (d) K ¼ 0.3, (e) K ¼ 0.4,

and (f) K ¼ 0.5.
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Fig. 4. Patterns of instantaneous streaklines for Re ¼ 200 at different K: (a) K ¼ 0, (b) K ¼ 0.1, (c) K ¼ 0.2, (d) K ¼ 0.4, and (e)

K ¼ 0.5.
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shedding remains and forms the Kármán vortex street in the wake (Fig. 3(b)). It is noted from Fig. 3(b) that although

the vortex street consists of a string of alternately signed vortices which are arranged in two rows, due to the effect of

shear flow, the vortices which are shed from the upper wall of the cylinder are larger than those shed from the lower

wall. The vortices produced at the lower edge tend to be more elongated and are transported downstream at a slower

speed than the fairly round vortices occurring from the upper wall. The interaction between vortices of different

intensity leads to a vortex structure with irregular lateral and longitudinal vortex spacing. In addition, the intensity of
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vorticity dissipates as vortices produced at the lower edge move downstream. This is expected since the vorticity of the

vortex shed from the lower side of the cylinder has the opposite sign to that of the vorticity embedded in the free stream

when K40. Thus, the vortex shed from the lower side of the cylinder dissipates faster in shear flow than it does in

uniform flow.

The pattern of instantaneous streaklines for K ¼ 0.2 is found to be quite different from those in the K ¼ 0 and 0.1

cases (see Fig. 3(c)). Vortices are shed from the upper and lower sides of the cylinder, but the regular vortex

configuration in the near-wake is destroyed. The size of the formation region of the vortices behind the cylinder is very

large. The shapes of alternately shed vortices are round followed by slender ones. This pattern becomes more apparent

when K ¼ 0.3 (Fig. 3(d)). The most dramatic changes take place in the wake when K is increased further, to 0.4. The

flow pattern behind the cylinder is totally different from that in the previous cases. When K ¼ 0.4, the formation region

of vortices and streakline pattern do not change with time (see Fig. 3(e)). The Kármán vortex street has disappeared

completely. The flow pattern does not appear significantly different when K ¼ 0.5 (Fig. 3(f)). The present results suggest

that when K is greater than a value of about 0.4, the flow pattern approaches a form of self-similarity and a stable flow

will ultimately occur.

The patterns of streakline evolution with K for Re ¼ 200 are found to be similar to those for Re ¼ 100. As K

increases, the vortex street with periodic vortex shedding from the cylinder is suppressed. However, comparing Fig. 4

with Fig. 3, one can observe that flow is still unstable at K ¼ 0.5 (Fig. 4(e)). It is clear that the flow structure around the

cylinder depends on both Re and K. On one hand, flow becomes more unstable as Re increases at a fixed K. On the

other hand, the suppression of vortex shedding becomes stronger as K increases with a fixed Reynolds number.

In order to gain further insight into the evolution of vortex shedding in the near-wake region, the patterns of vorticity

contours for Re ¼ 100 at different K and times are plotted in Figs. 5–9. In these figures the circle symbol represents the

position of the front stagnation point, the negative vorticity (clockwise vortex) is shown by dashed lines and the positive

vorticity (anticlockwise vortex) by solid lines. The sequence of vorticity contours clearly describes the process of vortex

formation and shedding from the cylinder.

In the case of uniform flow (K ¼ 0) past the cylinder, the alternating vortices with the same strength and size are shed

from the upper and lower side of the cylinder (Fig. 5). The mean position of the front stagnation point is located at the

centre of the front surface of the cylinder. At t ¼ 190, a positive vortex appears on the lower side of the cylinder and a

negative vortex is rolling up on the upper side of the cylinder (Fig. 5(a)). While the negative vortex is being shed at

t ¼ 195, the positive one on the other side is reforming (Fig. 5(b)). The dimensionless vortex shedding frequency is

about 0.145, which is in close agreement with the value of 0.146 reported by Sohankar et al. (1998).

Fig. 6 shows the vorticity contours at different time instants during one cycle of vortex shedding for K ¼ 0.1. The

process of vortex shedding is similar to that shown for the case of K ¼ 0. Fig. 6(a) shows that at t ¼ 291, a positive

vortex is in the process of development on lower side of the cylinder, while a negative vortex is about to detach from the

cylinder. Later in time, t ¼ 295 (Fig. 6(c)), the positive vortex draws the shear layer of opposite sign from the upper

side of the wake across the wake centreline which eventually cuts the supply of vorticity to the positive vortex (t ¼ 297,

Fig. 6(d)). Formation of the positive vortex is completed at t ¼ 299 (Fig. 6(e)), after which the vortex is transported
Fig. 5. Vorticity contours at several time instants during half a cycle of vortex shedding for Re ¼ 100 and K ¼ 0: (a) t ¼ 190 and (b)

t ¼ 195.
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Fig. 6. Vorticity contours at several time instants during one cycle of vortex shedding for Re ¼ 100 and K ¼ 0.1: (a) t ¼ 291, (b)

t ¼ 293, (c) t ¼ 295, (d) t ¼ 297, and (e) t ¼ 299.
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downstream by the flow field. This evolutionary process is repeated approximately every eight dimensionless time

periods. It is observed that the vortices are shed alternately, with positive vortices being oblate in shape and the negative

vortices being round. The mean position of the front stagnation point is on the front surface of the cylinder and slightly

above the centreline.

When K ¼ 0.2 (Fig. 7), the process of vortex forming and shedding are found to be quite different from those in the

K ¼ 0 and 0.1 cases. At t ¼ 100, there are three vortices, a negative vortex and two positive vortices in the region behind
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Fig. 7. Vorticity contours at several time instants during one cycle of vortex shedding for Re ¼ 100 and K ¼ 0.2: (a) t ¼ 100, (b)

t ¼ 102, (c) t ¼ 104, (d) t ¼ 106, and (e) t ¼ 108.
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the cylinder. These vortices of opposite sign are generated from both sides of the cylinder, but they do not detach from

the cylinder. This is because, as K increases, the velocity of the free stream on the lower side of the cylinder decreases

and even reverses direction, so that the positive vortex that is produced at the lower side of the cylinder cannot be

efficiently swept downstream by the free stream. This vortex immediately interacts with the negative vortex which is in

the process of being formed on the upper side of the cylinder. The two vortices with opposite sign interact in the near-

wake and partially annihilate each other’s vorticity. The remaining vorticity is then fed into the neighbouring juvenile
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Fig. 8. Vorticity contours at several time instants during one cycle of vortex shedding for Re ¼ 100 and K ¼ 0.3: (a) t ¼ 283, (b)

t ¼ 285, (c) t ¼ 287, (d) t ¼ 289, and (e) t ¼ 291.
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Fig. 9. Vorticity contours for Re ¼ 100 and K ¼ 0.4 at: (a) t ¼ 295, and (b) t ¼ 299.
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vortices of identical sign which merge to form stronger vortices. Subsequently, the vortices are swept downstream. The

shapes of the vortices shed from the cylinder alternate between round (negative vortices from the upper edge) and

slender (positive vortices from the lower edge). The differences in the size and strength of the alternately shed vortices

are more pronounced as they travel downstream. It is further noted from Fig. 7 that two interacting vortices with

opposite sign in the formation region are significantly distended along the horizontal axis, resulting in a large formation

region of vortices behind the cylinder.

Fig. 8 shows the vorticity contours at five time instants during one cycle of vortex shedding at K ¼ 0.3. A positive

vortex has appeared on the lower side of the cylinder and a negative vortex has begun to roll up on the upper side of the

cylinder at t ¼ 283, while a negative vortex is being shed into wake. It is observed that the formation region of vortices

behind the cylinder becomes a triangular zone, and the zone changes with time. As time increases, the negative vortex

continues to grow gradually and interacts with the positive vortex. The negative and positive vortices are stretched out

by this interaction (Fig. 8(d)). At t ¼ 291, a very weak vortex is separated from the positive vortex. Its core is more

elongated, but it is still distinct in the near-wake (Fig. 8(e)). As this vortex is transported downstream, its dissipation

rate is greater than that of the negative vortex, and eventually all positive vorticity is dispersed, so that only negative

vortices remain and form a single vortex street in the wake slightly further away from the cylinder.

The patterns of instantaneous vorticity contours at K ¼ 0.4 are shown in Fig. 9. It is interesting to note that in the

present case the periodic flow pattern does not develop with time and the positive vortex and negative vortex are shed at

the same time. In other words, the negative vortices shed engulf and neutralize the positive vortices. The process by

which the vortices are shed from the square cylinder is completely different to that for Kp0.3, and the vortices are only

shed from the upper shear layer. The formation region of the vortices and vorticity contour pattern do not change with

time. It is found that the front stagnation point is located at the left top corner of the cylinder.

The variation of mean position of the stagnation point on the front face of the cylinder with the shear rate K for

different Re is plotted in Fig. 10. The position of the stagnation point is at the centre point on the front face when

K ¼ 0. As K increases, the stagnation point shifts from the centre point towards the left top corner of the cylinder,

resulting in the increase of the area of the formation region of the vortices on the lower side of the cylinder. When

K40.3, the stagnation point remains in the vicinity of the corner, thus a triangular zone is formed under the cylinder. If

the variation of the stagnation point with K at Re ¼ 50 is compared with that at Re ¼ 100, one will find the former

increases at a faster rate that the latter.
3.2. Forces

Fig. 11 shows the time-averaged pressure (CPav) distribution on the surface of the cylinder (CPav ¼ 1=T
�  R T

0 CP dt,

where T is the time). Here, the effects of shear rate and Reynolds number are clearly revealed. Fig. 11(a) shows the
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distribution for Re ¼ 100 at different K. The distribution at K ¼ 0 is observed to be symmetric. The maximum value of

the pressure on the surface of the cylinder is at the centre point of the front face. The distribution at K ¼ 0.1 is very

similar to the case of K ¼ 0. When K40.1, however, the pressure distribution is significantly different. On the front face

(A–B), there is a distinct shift in the location of the maximum pressure as K increases—from the centre point of the face

towards the top left corner of the cylinder. When K ¼ 0.5, the pressure approaches a nearly linear distribution on the

front face. The changes in the pressure distribution on the other surfaces are relatively small in comparison to those seen

on A–B. The mean pressure value on these surfaces is approximately a constant for K40.2. The tendency towards

similarity in pressure at K ¼ 0.3, 0.4 and 0.5 also supports the argument that the flow structure approaches a form of

self-similarity. In addition, the pressure drop between the front and rear face of the cylinder at K ¼ 0 is larger than that

at K ¼ 0.5, indicating that the drag force decreases with the increase of K. Fig. 11(b) shows the pressure distribution on

each face for different Re and K ¼ 0.3. It is observed that the pressure difference between on the front and on the back

surface of the cylinder is reduced as Re is increased. Hence we conclude that the drag force on the cylinder will decrease

with any increase of Re.

The lift and drag coefficients, CL and CD, experienced by the cylinder have been calculated by integration of the wall

pressure and wall shear stress on the cylinder surface. The time histories of these coefficients are plotted in Figs. 12–14.

In the case of Re ¼ 50, the lift and drag coefficients are constants at K ¼ 0 (Fig. 12(a)). This is related to the stable wake

flow in Fig. 2(a). When K ¼ 0.1, the lift and drag coefficients exhibit a regular fluctuations (Fig. 12(b)). This is related to

alternate vortex shedding. As K increases to 0.2, the fluctuation magnitude increases (Fig. 12(c)). When KX0.3,

however, the fluctuation disappears (Fig. 12(d)). The lift and drag coefficients become constants again which is
K
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consistent with the stable wake flow seen for cases where KX0.3 (see Fig. 2(c) and (d)). Comparing Fig. 12(d) with

Fig. 12(a), one can observe that the lift and drag coefficients decrease from 1.5 to 0.82 and from 0 to �0.15.

Fig. 13 shows the time histories of the lift and drag coefficients for Re ¼ 100. When K ¼ 0, the lift and drag

coefficients show regular fluctuations with an approximately constant amplitude except at the early stages of the flow. It

is clear that the periodic fluctuation is related to alternate vortex shedding (Fig. 3(a)). The amplitude of periodic

fluctuation in the lift and drag coefficients slightly increases at K ¼ 0.1. The drag coefficient fluctuates at twice the

frequency of the lift coefficient and one of the peaks of fluctuation is more pronounced than the other one, since the two

oppositely signed vortices shed per cycle are different in strength. When K ¼ 0.2 (Fig. 13(c)), the lift and drag signals are

still periodic but exhibit irregular characteristics. This could be related to an unstable transition which occurs in the

near wake. As K increases to 0.3 (Fig. 13(d)), regular CL and CD fluctuate periodically again, however the drag

coefficient fluctuates at the same frequency as the lift coefficient, and the frequency is lower than that of K ¼ 0 or 0.1.

When K ¼ 0.4, the lift and drag coefficients almost become straight lines. This is related to the stable wake flow seen in

Fig. 3(e).

The time histories of the lift and drag coefficients for Re ¼ 200 is shown in Fig. 14. Comparing Fig. 14 with Fig. 13,

one can observe that the periodic fluctuation pattern of the lift and drag coefficient is basically the same at K ¼ 0 and

0.1, but the magnitude of fluctuation for Re ¼ 200 is larger than that for Re ¼ 100. When K ¼ 0.4, the magnitude of

fluctuation for Re ¼ 200 reduces remarkably, but does not attain a constant as vortices continue to be shed (Fig. 4(d)).
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The vortex shedding frequencies are estimated from power spectra of the lift coefficients CL. Fig. 15 shows the

power spectra for various values of K where Re ¼ 100. When K ¼ 0 and 0.1, there is one prominent frequency in

the lift spectrum; their values are 0.145 at K ¼ 0 and 0.143 at K ¼ 0.1, respectively. More than one peak is ob-

served in the power spectrum when K ¼ 0.2 and 0.3, and the most dominant frequency is 0.06 and 0.075, res-

pectively. This indicates that the vortex shedding process is more complex for K in this range than for low-K flow.

When K ¼ 0.4, the estimated domain is close to zero, indicative of stable wake flow (i.e. an infinite period for

vortex shedding). The present results show that the vortex shedding frequency, in general, decreases with increasing

K for a square cylinder. This behaviour is different from the results of shear flow past a circular cylinder (Kiya

et al., 1980).
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The variations of the time-averaged lift and drag coefficients with K are plotted in Fig. 16. As the shear rate increases,

the mean drag coefficient decreases; for example, when Re ¼ 100, K ¼ 0, 0.1, 0.2, 0.4 and 0.5, the mean values of the

drag coefficients are about 1.42, 1.36, 0.9, 0.73 and 0.73, respectively. This behaviour is in agreement with the

experimental results of Kwon et al. (1992) for shear flow past a circular cylinder. However, the present results also show

that with an increase in Reynolds number there is a reduction in the lift and drag coefficients. When K increases from 0

to 0.5, the mean value of the drag coefficient can be reduced by up to 50%. It is worth noting that a substantial

reduction of the mean drag occurs in the range 0.15oKo0.3. When K40.3, the reduction in CDav becomes

insignificant. On the other hand, the mean value of the lift coefficient is rather insensitive to changes of K. Hence, the

effect of shear rate on the lift force seems to be fairly small within the range of the present simulations, while the drag

coefficient is affected greatly by the shear rate.



ARTICLE IN PRESS

K = 0.0

K = 0.4

K = 0.3

K = 0.2

K = 0.1

Frequency

E

0 0.05 0.10 0.15 0.20
0

0.05

0.10

0.15

Fig. 15. Power spectrum of lift forces acting on the cylinder against K for Re ¼ 100.

K

C
D

av
, C

La
v

0 0.1 0.2 0.3 0.4 0.5
-0.5

0

0.5

1

1.5

2

Re = 50

Re = 100

Re = 200

CDav

CLav

Fig. 16. Effect of shear rate K on the mean value of the lift and drag coefficients.

M. Cheng et al. / Journal of Fluids and Structures 23 (2007) 207–226 225
4. Conclusion

This paper has reported the results of lattice Boltzmann simulations of incompressible, linear-shear flow past a square

cylinder at Re ¼ 50, 100 and 200. The present simulation provides some novel and important information regarding

flow in the wake behind a square cylinder at different shear rates. It is found that the vortex shedding and wake

development behind the cylinder are significantly dependant on both the magnitude of the shear rate K and the

Reynolds number Re. When Re450, as K increases, the formation region of the vortices behind the cylinder shifts to

the lower side of the cylinder and forms a triangular region, while the stagnation point on the front face of the cylinder

moves towards the left top corner. The differences in the size and strength of the alternately shed vortices become more

pronounced with increasing K. The shapes of alternatively shed vortices are round followed by slender ones. As these

vortices travel downstream, the slender vortices dissipate at a higher rate than the round vortices, and eventually

disappear, so that only the round vortices remain and form a single vortex street in the far wake. When K is greater than

a critical value, which depends on the Reynolds number, the vortex street completely disappears and flow becomes a

stable state. Under the same conditions, flow structure and pressure distribution around the cylinder tend towards self-

similarity with increasing K. When Re ¼ 50oRecrit, a small K can disturb the steady state and cause alternate vortex

shedding from the cylinder, resulting in an unsteady wake flow. However, as K increases to a certain value, the wake

flow becomes steady again.
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The results presented here show that the lift and drag forces exerted on the cylinder, in general, decrease with

increasing K and Re. The reduction in the drag force follows the same trend observed by Kwon et al. (1992) for a shear

flow past a circular cylinder, but the vortex shedding frequency, in general, decreases with increasing K. This behaviour

is different from the results of shear flow past a circular cylinder. It is found that the effect of shear rate on the lift force

seems to be fairly small in the range of the present simulations, while the drag coefficient is affected greatly by the shear

rate. When K increases from 0 to 0.5, the mean value of the drag coefficient can be reduced by up to 50%. It is found

that the decreasing rate of the drag force is most distinct in the range 0.15oKo0.3.
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